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(1) Introduction




Fluid dynamical systems
Different types of PDEs

Euler equations Navier—-Stokes equations Shallow water equations
Cloud simulation Fluid passes a cylinder Tohoku tsunami event
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Harris et al. 2003 Huang. 2021

te0.2d

Bonev et al. 2018

A general governing PDE

dq(1,x)
ot
g(x,1) =qgalx), x €08,

q(x,0) = go(x)

dq d*q ‘
=Flq] = f(t.x,q(t.x e ;h—z) x € Q,

where x and t are space and time coordinates and q(t, x) is the vector of modeled variable fields at one place and time.




Solving the fluid PDE system

Traditional approaches

Finite difference method, finite element method, ...

Property: Expensive computation cost (e.g. small spatial and temporal resolutions and implicit scheme)

Machine learning (ML) approaches
Supervised learning, unsupervised learning

Property: Efficient

In this work

We construct hybrid PDE solvers using group equivariant neural networks.

This combines ML with numerical solvers.
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(2) Method: hybrid PDE solver using group equivariant neural networks




Unsupervised training of PDE solvers

Numerical approach
ql}+l 2 C[;-l +Af%(([”.({"+l)

An implicit method needs to be used for iteratively solving the system. For linear systems this is:

A(qn)qn+l e b((]")

ML method
Lok = |Afonn(g") - b2

Here is a physical constraint for loss (unsupervised learning). We don't need simulation data for training.

Physics-derived, unsupervised approach

ML for calculating ¢"**

Numerical solver for calculating A and A"
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Group equivariant convolutional networks

P4 equivariant convolutional networks
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S B b {iﬁ = [F f ) =g(f )

: Q ' o ey ‘o
- L2 1‘ [Z] . In the original paper, it has p4 and p4m. (T. Cohen & Welling, 2016)
. Wi M
E Veeling et al. 2018

The symmetry constraint networks show powerful capabilities for image classification and segmentation.

These networks for fluid dynamics remains mostly unclear.

We hope this symmetry constraint can help to learn the complex fluid dynamical patten in long-term.

Group reflection-equivariant 1D convolutions neural networks (GR-CNN)
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One-dimensional shallow water equations

hiL <1
— -

-

‘ -Fluid surface
5
B
) ou 1 al
The velocity: — =—Cp—ulu| - g—,
At h dx
_ al d(hu)
The surface elevation: = = — :
at dx

Boundary conditions

u(x =0) =aulx= L) =10,
Hx =0) =s=L)=0
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b  C-grid staggering for the discretization
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Random initial conditions for training and testing

u(x,0) =0,
“Gaussian Bell” B
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Group equivariance for mixed scalar-vector inputs

a Symmetry of numerical solver b Symmetry of machine learning solver
Input: v, ¢ Output: S (1w, ) Rt Sc(u.{)) lnpul Uy § Qutput: I (u.<) Rl D (wiC))
30e-3 - 80e2 — 8.0e-2 B.0e-2 - 3.0e-3 - B.0e2 - 8.0a-2 - B.0e2 .
i ii iil = iv i ) i = iv
% - Numenicnl] Flipped = ) > ; = Flipped |
= £ salver ¥ s wutpan ”, E = S 3F onlpet o
~ RO < = - e S =
~ - T’ o —’ Q-:- = ﬁ o —’ E
1 : &
-3.0e- -2 0e- { -2.00-3 -2.0e- 3.0e-3 -2 0e- : -2,08- -2 0e-3k
e y(Kom) 2.0e3 0 (K} 2.0e3 g o 0 4 (Am) 20e3 3 v (Ko 2062 UV (K 2003 % v Km) ,5""‘ sl ”30 7 Km) 2083 30“1"11\/:;1 2,083
o5 Sive £ NV Exactly
Input: = f i), Byt $ OQUIPUE Sci - Rt Bl inaid Knein Input:— R (), Bl i Output: Dy~ Burln), Rud<)) ! L
3003 - B0e2 ey A 8.06-2 — B.08-2p= 3,003 B.0e-2 - : 8.00-2 — 8002
E v a Vi s vii Z = Yviii 5‘ v »ovi a vii 255 = viii
ol | g | @ = - 48 Zf [ s B |Meefd| & i
SE I P 5| TP SE[TTWCT S s 2l [P S
"‘. = i —' ¥ :h. = 5 N2 :‘" [ :"ﬁ‘ —’ R I o
» o 1 P\ ’
)\ VR v r 1 =] AN S
De-3 - .3 p s ool -208-3 - 2 2 g - .
B0 2 0a3 208y i 2,083 208 2043 < = (foom) 20e3 A0 5 0e3 2 0 T oo 2,083 Sl r—y s Tr—y

Reet(S(Z" ")) = S(Reet(Z"), —Reet(u")) Ryiet(D g (4, £)) = D¢ (=Ryef(), Ree(£))

I T

"I-l (n

cy—1
Yjo.= Z (Wj.i.. *Xi.) +bj.  Change GR-CNN  Yj. = Zﬁ (Wi, > i)+ Z,' (Wi, i) +b5.
— €1 ) =1
Vigs = Z (Reet(Wji.) *xi.) + by, i = ; (Rt W], ) %) + ; (~Reat W) %, ) +by.



Hybrid methods

Hybrid PDE solvers using group equivariant neural networks

<3 GR-CNN in U-net A "Hybrid" method training procedure
8
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(3) Applications for 1D shallow water equations




GR-CNN accurately solves the SWE
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Different network size
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Generalization Capabilities after Training: a triangular initial condition
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Generalization Capabilities after Training: multi-Gaussian initial condition
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Global mass, momentum, and energy

Global mass, momentum,and energy
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GR-CNN solver has high accurate global mass, momentum, and energy distributions.
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(4) Conclusion




Conclusion

We construct equivariant convolutional networks with mixed scalar-vector inputs
for solving PDEs.

Equivariant networks strongly improve the long-term accuracy and stability in
unsupervised learning tasks.

Equivariant networks improve generalization to new initial conditions, and

suppress error accumulation in global momentum and energy.
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